We investigate the structure of mincuts in an n-vertex generalized Fibonacci graph of degree 3 and show that the number |CF3(n)| of mincuts in this graph is equal to
Introduction
Reliability is concerned with the ability of a network to carry out a desired network operation. The input to network reliability problems is a probabilistic graph (network ) G = (V, E), either directed or undirected, where V is a set of vertices and E is a set of edges, representing pairs of vertices. All edges of a probabilistic graph can fail randomly and independently of one another, according to certain known probabilities. The reliability analysis problem is to compute a measure of network reliability. The reliability measures are defined by existence of operating paths (paths of operating edges) between certain pairs of vertices in G.
For a probabilistic graph G and specified vertices s and t, we define the twoterminal reliability to be the probability that there exists an operating path between s and t. In the directed case, the problem of computing the probability is called (s, t)-connectedness. The K-terminal reliability is the probability that for K specified vertices, the graph contains paths between each pair of the K vertices. The directed analogue, called (s, T )-connectedness, is defined for a digraph G, a source vertex s, and a set T of sink vertices (T ⊆ V − {s}). When K = |V |, the K-terminal reliability is called the all-terminal reliability. Analogously, when T = V − {s}, the (s, T )-connectedness problem is also called the reachability problem. All the reliability problems are NP-complete in network size in the general case [1] , [9] , [16] , [25] , [27] .
The network itself may be in one of two states, operative (system operation) or failed (system failure). The reliability measures above are the probabilities of system operation. Each of these measures has the property that the system is coherent with respect to this measure, that is, if the system operates when a set S of components (edges) operates, then it operates when any superset of S operates. Coherent complex systems can be represented by a positive Boolean function. They were introduced in [7] and further discussed in [9] , [15] , [20] , [22] . Coherent systems can be described completely by listing minpaths or mincuts. We define a pathset as a set of edges whose operation implies system operation. A minpath is a minimal pathset. We define a cutset or simply a cut as a set of edges whose failure implies system failure. A mincut is a minimal cutset.
Minpaths and mincuts are essential to the computation of network reliability, whose exact evaluation is often intractable because of the exponential number of minpaths and mincuts [1] , [2] , [3] , [4] , [5] , [7] , [9] , [13] , [16] , [17] , [25] . The known complexity results for the reliability problems, in terms of the number of minpaths and the number of mincuts, are summarized in [1] , [9] , [17] . Specifically, [5] describes algorithms which are polynomial in the number of pathsets and [17] presents an algorithm whose running time is polynomial in the number of cutsets.
The problem of revealing, enumerating, and counting all cuts or mincuts in a probabilistic graph is discussed in [1] , [8] , [9] , [13] , [16] , [17] , [18] , [19] , [24] , [25] , [26] . As noted above, this problem may be the first step in solving network reliability problems. Also, there are papers in which the enumeration of cuts is considered to be an independent problem. For instance, linear (per mincut) algorithms for enumerating all mincuts in a graph are proposed in [26] and [24] . The problem of generation of various types of cuts in directed and undirected graphs is studied in [19] . The paper [18] investigates the problem of finding a maximum weight exact cut (a set of edges intersecting each source-sink path in exactly one edge). In [8] the number of global minimum cuts (cuts with minimum weights over all cuts in the graph) in a weighted undirected graph is upper-bounded.
A directed graph with no cycles is known as a directed acyclic graph (dag). A two-terminal dag (st-dag) has only one source s and only one sink t [6] . In the case of the (s, t)-connectedness problem for the st-dag, the minpaths are the paths from s to t (st-paths) and the mincuts are the minimal sets of edges whose removal disconnects t from s (st-cuts).
The generalized Fibonacci graph [11] is a special kind of st-dags. A generalized Fibonacci graph of degree k (F G k ) has vertices {1, 2, 3, . . . , n} and edges Figure 1 ). Its source is the vertex 1 and its sink is the vertex n. The number p 2 (n) of st-paths in an n-vertex F G 2 satisfies the standard Fibonacci recursion:
The number p k (n) of st-paths in an n-vertex F G k is defined recursively for n > k as follows:
Hence, the number of st-paths in a generalized Fibonacci graph of degree k is exponential for any k ≥ 2.
We investigate the structure of mincuts (st-cuts) in generalized Fibonacci graphs, and the relationship between the number of mincuts and the number of vertices in these graphs. It is clear that an n-vertex F G 1 which is a path graph has n − 1 mincuts. In [13] we investigated the structure of mincuts in an n-vertex F G 2 and proved that the number of mincuts in this graph is equal to n 2 4 . In this paper we solve similar problems for an n-vertex F G 3 . This paper is organized as follows. Section 2 investigates the structure of mincuts in an F G 3 . We divide a set of all mincuts in an n-vertex F G 3 into four nonintersecting subgroups and derive recursive relations for these subgroups. In Section 3 we obtain a recurrence for the number of all mincuts in an nvertex F G 3 based on the findings of section 2. Section 4 discusses minpaths and mincuts in series-parallel graphs.
The Structure of Mincuts in an F G 3
We denote an n-vertex F G 3 by F G 3 (n) and the set of all its mincuts by CF 3 (n).
The set of all mincuts in F G 3 (n) may be divided into four nonintersecting subgroups denoted by CF 3 (n − 2, n − 1, n), CF 3 n − 2, n − 1, n , CF 3 n − 2, n − 1, n , and CF 3 n − 2, n − 1, n . Mincuts in CF 3 (n − 2, n − 1, n) cause the system failure of subgraphs F G 3 (n), F G 3 (n − 1) and F G 3 (n − 2), i.e., they block access to vertices n, n − 1, and n − 2. Mincuts in CF 3 n − 2, n − 1, n cause the system failure of F G 3 (n), F G 3 (n − 1) and do not cause the system failure of F G 3 (n − 2), i.e., they block access to vertices n, n − 1 and leave vertex n − 2 reachable. Mincuts in CF 3 n − 2, n − 1, n cause the system failure of F G 3 (n), F G 3 (n − 2) and do not cause the system failure of F G 3 (n − 1), i.e., they block access to vertices n, n − 2 and leave vertex n − 1 reachable. Mincuts in CF 3 n − 2, n − 1, n cause the system failure of F G 3 (n) and do not cause the system failure of both F G 3 (n − 1) and F G 3 (n − 2), i.e., they block access to vertex n and leave vertices n − 1, n − 2 reachable.
We define
and
Hence,
We continue our denotation in the following way. Let S be a family of sets of edges. In such a case, the family composed by adding a set of edges
Proposition 2.1 Mincuts in F G 3 (n) obey the following recursive relations:
Proof. We define E 0 = {(n − 3, n) , (n − 2, n) , (n − 1, n)} and then, for every E ⊆ E 0 , we define the subset CF 3 (n) E of mincuts:
According to this definition, the set CF 3 (n) may be divided into the following eight nonintersecting subgroups based on belonging of edges (n − 3, n), (n − 2, n), and (n − 1, n) to a mincut of F G 3 (n): (a) mincuts in CF 3 (n) ∅ block access to vertices n − 3, n − 2, n − 1, n; (b) mincuts in CF 3 (n) (n−3,n) block access to vertices n − 2, n − 1, n and leave vertex n − 3 reachable; (c) mincuts in CF 3 (n) (n−2,n) block access to vertices n − 3, n − 1, n and leave vertex n − 2 reachable; (d) mincuts in CF 3 (n) (n−1,n) block access to vertices n − 3, n − 2, n and leave vertex n − 1 reachable; (e) mincuts in CF 3 (n) (n−3,n),(n−2,n) block access to vertices n − 1, n and leave vertices n − 3, n − 2 reachable; (f) mincuts in CF 3 (n) (n−3,n),(n−1,n) block access to vertices n − 2, n and leave vertices n − 3, n − 1 reachable; (g) mincuts in CF 3 (n) (n−2,n),(n−1,n) block access to vertices n − 3, n and leave vertices n − 2, n − 1 reachable; (h) mincuts in CF 3 (n) (n−3,n),(n−2,n),(n−1,n) block access to vertex n and leave vertices n − 3, n − 2, n − 1 reachable.
Thus,
A set of edges is a cut of F G 3 (n), which does not include edges (n − 3, n), (n − 2, n), (n − 1, n), if and only if this set of edges is a cut of F G 3 (n − 1), which blocks access to vertices n − 3, n − 2. For this reason, any mincut of CF 3 (n) ∅ is a mincut of F G 3 (n − 1), which blocks access to vertices n − 3, n − 2, and vice versa. Thus,
A set of edges is a cut of F G 3 (n), which includes edge (n − 3, n) and does not include edges (n − 2, n), (n − 1, n), if and only if this set of edges is a cut of F G 3 (n − 1), which blocks access to vertex n − 2 and is augmented by edge (n − 3, n). For this reason, any mincut of CF 3 (n) (n−3,n) is a mincut of F G 3 (n − 1), which blocks access to vertex n − 2, leaves vertex n − 3 reachable, and is augmented by edge (n − 3, n), and vice versa. (Vertex n−3 is reachable by the definition of a mincut.) Thus, CF 3 (n) (n−3,n) = CF 3 n − 3, n − 2, n − 1 ⊗ {(n − 3, n)}, and, according to (8) , relation (4) is true.
A set of edges is a cut of F G 3 (n), which includes edge (n − 2, n) and does not include edges (n − 3, n), (n − 1, n), if and only if this set of edges is a cut of F G 3 (n − 1), which blocks access to vertex n − 3 and is augmented by edge (n − 2, n). For this reason, any mincut of CF 3 (n) (n−2,n) is a mincut of F G 3 (n − 1), which blocks access to vertex n − 3, leaves vertex n − 2 reachable, and is augmented by edge (n − 2, n), and vice versa. (Vertex n−2 is reachable by the definition of a mincut.) Thus,
As follows from statement (e), any mincut of CF 3 (n) (n−3,n),(n−2,n) is a mincut of F G 3 (n − 1), which leaves vertices n−3, n−2 reachable and is augmented by edges (n − 3, n), (n − 2, n), and vice versa. Thus, CF 3 (n) (n−3,n),(n−2,n) = CF 3 n − 3, n − 2, n − 1 ⊗ {(n − 3, n) , (n − 2, n)} , and, according to (9) , relation (5) is true.
A set of edges is a cut of F G 3 (n), which includes edge (n − 1, n) and does not include edges (n − 3, n), (n − 2, n), if and only if this set of edges is a cut of F G 3 (n − 2), which blocks access to vertex n − 3 and is augmented by edge (n − 1, n). For this reason, any mincut of CF 3 (n) (n−1,n) is a mincut of F G 3 (n − 2), which blocks access to vertex n − 3, leaves vertex n − 4 reachable, and is augmented by edge (n − 1, n), and vice versa. (Reachability of vertex n − 4 is the only way to provide access to vertex n − 1, which is reachable by the definition of a mincut.) Thus,
As follows from statement (f), any mincut of CF 3 (n) (n−3,n),(n−1,n) is a mincut of F G 3 (n − 2), which leaves vertex n − 3 reachable and is augmented by edges (n − 3, n), (n − 1, n), and vice versa. Thus, CF 3 (n) (n−3,n),(n−1,n) = CF 3 n − 3, n − 2 ⊗ {(n − 3, n) , (n − 1, n)}, and, according to (2) and (10), relation (6) is true.
Reachability and blocking of vertices mentioned in statement (g) are provided by all mincuts in F G 3 (n − 3), which leave reachable at least one of vertices n − 5, n − 4. When both vertices n − 5 and n − 4 are blocked, edges (n − 2, n), (n − 1, n) are redundant, and a mincut of F G 3 (n − 3) augmented by edges (n − 2, n),
According to the definition of a mincut, mincuts in CF 3 (n) (n−3,n),(n−2,n),(n−1,n) include only edges (n − 3, n), (n − 2, n), (n − 1, n). Thus, CF 3 (n) (n−3,n),(n−2,n),(n−1,n) consists of the single mincut, i.e., CF 3 (n) (n−3,n),(n−2,n),(n−1,n) = {{(n − 3, n) , (n − 2, n) , (n − 1, n)}}, and, according to (11) , relation (7) is true.
The proof of the proposition is complete.
The Number of Mincuts in an F G 3
Based on the results of Section 2, we derive some recurrences for the numbers of mincuts in subgroups CF 3 (n − 2, n − 1, n), CF 3 n − 2, n − 1, n , CF 3 n − 2, n − 1, n , and CF 3 n − 2, n − 1, n . Finally, we obtain the expression for the number of all mincuts in F G 3 (n).
Proof. |CF 3 (1, 2, 3)| = 0 and |CF 3 (1, 2)| = 0. Hence, for n = 3, it is true. If n ≥ 4, then, according to relations (4) and (1),
Remark 3.2 Actually, in the course of the proof of Lemma 3.1 we have obtained that
Proof. CF 3 1, 2, 3 = 1 and CF 3 1, 2 = 1. Hence, for n = 3, it is true. If n ≥ 4, then, according to relations (5) and (2),
Proof. According to Remark 3.2, Lemmas 3.1 and 3.3, and relation (3),
Proof. According to relations (6) and (3) and Lemma 3.4,
Proof. According to relations (7) and (3) and Lemma 3.4, By relation (11), CF 3 3, 4, 5 = CF 3 (5) (3, 5) , (4, 5) CF 3 (5) (2, 5) , (3, 5) , (4, 5) . According to statement (g) in the proof of Proposition (2.1), mincuts in CF 3 (5) (3, 5) , (4, 5) block access to vertices 2, 5 and leave vertices 3, 4 reachable. Hence, CF 3 (5) (3, 5) , (4, 5) = {{ (1, 2) , (3, 5) , (4, 5) }}. It is clear that CF 3 (5) (2, 5) , (3, 5) , (4, 5) = {{ (2, 5) , (3, 5) , (4, 5) }}. Therefore, CF 3 (5) (3, 5) , (4, 5) = CF 3 (5) (2, 5) , (3, 5) , (4, 5) 
Proof. First four initial statements follow clearly. The equality |CF 3 (5)| = 8 goes from Lemma 3.7. According to relation (3) and Lemmas 3.1, 3.3, 3.5, and 3.6, for n ≥ 6,
Corollary 3.9
where
, and
The following explicit asymptotic expansion
explains why the number of mincuts in an F G 3 is exponential in the number of vertices.
The proof of Corollary 3.9 is obtained by the method for linear recurrence relations solving [21] .
As shown in [12] , an increase in the number of edges in an st-dag (on the same set of vertices) does not lead to a decrease in the number of mincuts in this st-dag. Therefore, the number of mincuts in an n-vertex F G k (k ≥ 3) increases exponentially as n increases. (b) Series composition: identify the sink of G 1 with the source of G 2 . As shown in [10] , an st-dag is series-parallel if and only if it does not contain a subgraph homeomorphic to the forbidden subgraph positioned between vertices n − 3 and n of the F G 2 shown in Figure 1 . Thus, a generalized Fibonacci graph gives a generic example of a non-series-parallel st-dag.
Comparison with Series-Parallel Graphs
The methods for reliability analysis of series-parallel networks are discussed in [6] , [9] , [14] , [23] , [25] , [28] . As shown in [6] , [14] , [23] , [28] , reliability problems can be solved in O(m) time for an m-edge series-parallel graph, irrespective of the number of minpaths or mincuts.
However, even though the generalized Fibonacci graphs are examples of nonseries-parallel st-dags, they do agree with series-parallel graphs in the sense that both the number of st-paths and the number of mincuts (st-cuts) can be exponentially large in terms of n, the number of vertices. For example, the series-parallel graph shown in Figure 2 
Conclusion
The number of mincuts in generalized Fibonacci graphs of degrees 1 and 2 is polynomial while the number of mincuts in an n-vertex generalized Fibonacci graph of degree k (k ≥ 3) increases exponentially as n increases.
